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Appendix E
Wedge Equations
1. General Wedge Equation.
a. Nomenclature

a; = angle between failure plane and horizontal

@;

internal friction angle of material in it wedge. Earth and rock wedges only.

i cohesive strength of material in ith wedge. Earth and rock wedges only.

W; = weight of material in ith wedge.

V; = surcharge load acting on ith wedge.

H;; = horizontal force on ith wedge, acting to the right.

Hp; = horizontal force on ith wedge, acting to left.

U; = uplift (water) load acting normal to failure plane.

N; = force acting normal to failure plane of ith wedge.

T; = shear force acting parallel to failure plane of i#h wedge.
P; = horizontal force due to the ith wedge.

L; = length of wedge base.

b. Sign Convention. The x and y axes are to the right and upward, respectively. The t and n axes are tangent and
normal to the failure plane. Where the failure plane is not horizontal, the angle from the x-axis to the t -axis is
determined by the right hand rule.

c. Equilibrium equations.

>F,=0

0= N;TU;-W;C0S ;- ViCOSa’i'HLiSin ai+HRiSin ai'(Pi-]'Pi)Sin ai
N:i=(W:+V:)C0Sq;-U;+(Hp-Hr)SINa; +(Pii- P;)SIN @
2F=0
0=-T;-W:SiNq;-V,SiN o, + H,COS ;- HrCOS ; +( Pis - Pi)COS g

T.=(Hpyu-Hr)COSq,- (W, +V.)SiNg,+(P.;- P;)COS &

d. Mohr-Coulomb failure criterion.

TF:Nitan¢j+ciLi
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e. Sliding factor of safety definition.

Tr_N:tang+c L
Ti Ti

FS:=

f- Governing wedge equation.

FS, = [(W, + V:)C0Sq;-U,+(Hpi- Hr)SIN @, +( Piy- Pi)SIN Oli] tan g, +¢, L: (E-1)
l (Hpu-Hg)COSq - (W, +V,;)sing;+(P.,- P;)COS q;

. tan ¢. . T
[(Wi+Vi)C05ai'Ui+(HLi'HRi)SmOti] ¢l_(HLI"HRi)COSai+(Wi+Vi)SInai+CILI
(Pui-P)= LS, FS;
A tan ¢.sin ¢,
cosa,.-iq}' <
FS;

A negative value of the difference (P.; - P; ) indicates that the applied forces acting on the i wedge exceed the forces
resisting sliding along the base of the wedge. A positive value of the difference (P,; - P;) indicates that the applied
forces acting on the i wedge are less than the forces resisting sliding along the base of that wedge. The governing
equation for (P,.; - P; ) applies to the individual wedges. For the system of wedges to act as an integral failure
mechanism, the safety factors of all wedges must be identical.

FS,=FS;=...... FSi . =FSi=FSivi=eeee FSy
where N = the number of wedges in the failure mechanism.

The actual safety factor for sliding equilibrium is determined by satisfying overall horizontal equilibrium (2F;; = 0) for
the entire system of wedges.

N
> (P-Pi)=0 and Py=0  Py=0
i=1

Usually, an iterative solution process is used to determine the actual safety factor for sliding equilibrium. An example of
atypical static loading condition analysis for a multiple-wedge system is presented in Example D2 of Appendix D. Note
that if ZFy <0, the factor of safety is less than the trial factor of safety, and if ZF}; > 0, the factor of safety is greater than
the trial factor of safety.

2. Critical Slip Angle for Driving-Side Wedge with Wall Friction on the Vertical Face

This section illustrates derivation of the critical slip angle for the limit equilibrium condition. Figure E-1 shows the
forces acting on a driving-side wedge.
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WEDGE FORCES

Figure E-1 Forces acting on wedge

For equilibrium to exist:
N=(W+V )cosa+ Psina- Ptan d cos«a
T=(W+V )sina-Pcosa-Ptanosina
Tmustalso= Ntang¢ +cL
T=Ntang+cL=(W+V )tangcosa +P tan gsin a-P tan & tan g cosa + cL

Equating the two expressions for 7, dividing them by cos a., and solving for P, the following is obtained:

cL

p= cos
(I-tandtan g )+(tan o +tan ¢ ) tan

(W+V)(tana-tan ¢ ) -

where
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W = weight of soil in wedge

V' = strip surcharge

y(h’-d?)
2(tana-tan S)

w = , y=unitw eightofsoil

— h - dc
cos a (tan « - tan f3)

substituting the above values for # and L into the equation for P:

2(tana-tan B ) cos’a(tana-tan B )
(I-tanotang)+(tan o +tan ¢ )tan

{ y(h-di) +V}(tana-tan¢)- c(h-d.)
pP=

Notethat: =sec’a=1+tan’ @

cos’ a

divide both sides of this equation by:

, alsosubstitutel+tan’afor

y(h-dl)
2 cos’ &

to obtain:

2V 2¢(l+tan’a)
tana-tang)+ - (tana-tan B)(tana -tang )- ~— - @n &/
2P ( ?) 7(h2-dﬁ)( I ?) ythtd.) _m

y(hz—dﬁ): (tana-tan g)[1-tanotang +(tand +tang ) tana / n

combining terms the above equation becomes:

2V 2¢(I+tan’a)
(tana-tang)+————[tan’a - (tan B +tang )tana +tan ftangj] - —— "~
’ y(h’-d:) priand prang y(h+d.)

n :(tan5+tan¢)tan2a+[1-tan5tan¢-tanﬁ(tan5+tan¢)]tana-tanﬂ(]-tan5tan¢)

|3

The necessary condition for P to be either a maximum or a minimum is that the derivative of m/n, with respect to o, be
equal to zero. The derivative of m/n is:

(dm) (a’nj
n -m| ——
d(m/n): da da —0

da n2

from this it can be seen that if both sides of the equation are multiplied by »? the maxima-minima condition becomes:
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After differentiating this equation, it will be found that all terms are multiplied by sec? o (dtana/dor). For simplification,
both sides of the equation will be divided (at the start) by sec’a. to eliminate it.

Since all of the terms in the numerator (m) are over a common denominator, differentiation will be done separately for

each numerator term; they will be combined at the end to furnish a complete solution. The derivative dn/d« is constant
for all terms.

j—n=2(tan§+tan¢)tana+1-tan§tan¢—tan,6’(tan5+tan¢)
(04

The “W” term (tan a - tan ¢):

dm

da

nj—m =(tand +tang)tan’a +(1-tandtang )tana - tan S(tan s +tang )tan - tan B(l-tanStang)
a

mj—n=2(tan§+tan¢)tanza+(1-tan§tan¢)tana-tan,B(tan5+tan¢)tana
o

-2tang (tand +tang )tana -tang(1-tand tang )+ tan ftang (tano +tang)

nj—z-m%=-(tan5+tan¢)tan2a+2tan¢(tan5+tan¢)tana+tan¢-tan,B-(tan5+tan,B)tan2¢=0
The “V” term:
3’1; :L(hilfdi)}tana{y(hilfdf)}(tanﬂ+tan¢)
dm _

{ 4V }(tan&ﬂan ¢)tan3a+[L}[1-tan Stang-tan B(tan s +tang)] tan’«

n
da |y(h’-dl) y(h’-d?)

-[L} tan,B(]-tan&tangzﬁ)tana-{

-4 }(tanﬂ+tan¢)(tan5+tan¢)tan2a

y(h'-d?l)
{%}(tﬁnﬂﬂfmwwtan5tan¢-tanﬁ(tan5+tan¢)] tan o
y(h'-dz)
2V

J{m}tanﬂ(tanﬂ+tan¢)(1-tan5tan¢)
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@{ v

m—= }[ (tand +tang)tary a - (tand +tang ) (tan 3 +tang)tan’ « +tan Btangy tans +tang ) tana/
da [y(h'-d:)

J{ (hf : ) }[ I-tanStang- tanB(tans +tang)/ [ tar’ - (tan S +tang ) tanc;j
¥4 “de

J{%}[!-tan5tan¢-tanﬂ(tan§+tan¢)]tanﬂtan¢:0
7/(]1 'dc)

dm dn { 2V

n -m =
da da |y(K-di)

}(1 +tan’#) tan’a - {#} tan B(1+tan’¢)tana

2V
2 ] 2 =0
{y(hz—di)}an privane)

The “c” term:

2 2ctana dm _ 4ctana
y(h+d.) y(h+d.) da y(h+d.)
dn

d—=2(tan§+tan¢)tana+[1-tan5tan g-tan f(tano +tang)/
(24

dm { 4c

=- tan J + tan 3
n 7(h+dc)}( $)tan’ @

—{ﬁ}ﬂ-tan Stang-tan S(tans +tang)/ tan’ «

J{ 4 }[tan P (I-tanotan g )] tan

y(h+d,.)
dn 4c
=- tan o + tan 3
mo L/(thdc)}( $)tan’ «

—{ﬁ}ﬂ—tan Stang-tan B(tan S +tan @)/ tan’ &

-[ﬁ}(mn o+tang)tan o

[ msens-onpcons o
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dm dn 2c
- =_ 1-tan & tan ¢ - tan S(tan & + tan 2
nda mda {(thch[ ’ < P an

J{#}[tanﬂ(l-tan5tan¢)+tan5+tan¢]tana

2c
+|———— |[/I-tandtang-tan o tan f-tan Stang /=0
L/(thch

Combining “W”, “V”, and “c” terms:

—[tan¢+tan5-{ﬁ}(1+tan2¢)+{ﬁ}(1-tan5tan¢-tan,b’[tan5+tan¢])] tan’ &

4V
2t tano +t | ———— |t 1 ?
+ /[ 2tang (tan s +tang ) {V(hz-df)} an f(I+tan"¢ )

7{ﬁ}ﬂanﬂﬂamﬁﬂaﬂé[1-tanﬂtan¢])]tana

+/tang-tan B-( tan §+tanﬂ)tan2¢+[ﬁ}tanzﬂ(lﬂanzw
y(h-di)

v{ﬁ}ﬂ-tm5tan¢-tanﬂ(tan5+tan¢)]=0

In order to make the above equation less cumbersome, let:

I-tandtang-tan f(tand +tang )=r
tan f+tang+tand( I-tan ftang )=s
tang-tan B-(tand +tan B )tan’ ¢ =¢

Then the equation becomes:

2V 2c
-1t tand-| —|( 1 2 == 2
{ ang¢ +tan (7(h2—d§)]( +tan ¢)+( 7(h+dc)jr}an a

4V 4c
2t tano +t At 1 2 - t
J{ ang(tano +tang) (7(h2—df)j an g ( 1+tan ¢)+(7(h+dc)]s} an o

2V 2c
2 ] 2 =(
{H(—},(hz_di)jtan B(1+tan ¢)+(—7(h+dc)]r}

Denoting the coefficient of tan? o as - 4, the coefficient of tan o as AC;, and the constant as 4C, we have the following
quadratic equation:
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-Atan*a + AC;tana + AC, =0
Dividing this by - 4 gives:
tana - Citan o - C, =0
The solution for tan o then is:
C,+yCi+4C;

2
alternately

a:mm(Q+Vd+4Q]

tana =

2

where

2V 2c
A=t tando -| —— |( 1 2 .~
angrian (Y(hz-di)]( Ttan W[whm)jr

% de
2 5 vt Iran'd)*|
. tang (tand +tang ) [y(hz_dg)}anﬂ( +tan ¢)+[}/(h+dc)JS
I A
oV 2¢
AT lan?B( 1 ? o
:t+(}/(h2-df)]tan B (1+tan ¢)+(y(h+dc)jr
C A
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