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APPENDI X B
APPROXI MATE METHODS FOR ANALYSI S OF FLOW PROBLEMS
B-1. Introduction. As previously nmentioned in Chapter 4, various nethods are

available, in addition to flow nets, for solving idealization of seepage prob-
lems. As shown in figure 4-3, these nethods include electrical analogy,
hydraulic or sand tank nodels, viscous flow npdels, nethod of fragments, finite
difference nethod, and finite elenment nethod. Prior to conducting an analysis
the problemto be studied nust be defined in terms of:

a. Aquifer and enbanknent dimensions.

b. Coefficients of permeability of the embankment and foundation soils.

c. Horizontal to vertical pernmeability ratios.

d. Boundary conditions (inperneable and symmetrical).

e. Exits and entrances (fixed potential areas).

f. Head versus time relationships for unsteady flow.

Sensitivity studies may be run to establish the effect of paranmeters not known
accurately.

B-2. Electrical Anal ogy.

a. General. Processes which involve noverent of current due to differ-
ences in energy potential operate on the same principles as novenent of con-
fined ground water as shown in table B-I. Therefore, to obtain the pattern of
equi potential lines or flowlines (see figure 4-4), the flow domain is trans-
ferred by an electrical conductor of simlar geometric formas first proposed
by Pavlovsky in 1918 (Harr 1962). Electrical anal ogies may invol ve two-

di nensi onal conducting paper nodels or three-dimensional tanks contai ning
aqueous sol ution

b. Two-Dinensional Mdels. Wen field conditions can be approxi mated
by a two-dinensional plan or section, teledeltos conducting paper nodels may
be used to obtain a flow net. Two-dinmensional teledeltos nodels are sinple to
use and can accommopdate various geonetries. However, it is difficult to simu-
|ate varying perneabilities and they are generally restricted to steady state
confined aquifers (Bear 1972, Boer and Mlen 1972).

c. Three-Dinensional Mdels. The use of electrical analogy nodels is
descri bed by various authors (Zangar 1953, Todd and Bear 1959, and Duncan
1963). The three-di mensional electrical analogy nodel at the U S. Arny
Engi neer Waterways Experinent Station (WES) (see figure B-1) is a plexiglass
tank filled with dilute copper sulfate solution and having a cali brated
el evated carrier assenbly for the accurate placenent of a point electrode probe
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Table B-1. Analogy Between Darcy's Law and Chnis Law(w
Darcy's Law Chm's Law
Q =rate of flow or water | = current (rate of flow of electricity)
K= coefficient of pernmeability K' = conductivity coefficient
A = cross-sectional area A' = cross-sectional area
H = head producing flow V = voltage producing current
L = length of path of percolation L' = length of path of current

(3) From Bureau of Reclamation. 27

anywhere in the fluid. Extensive use of the WES nodel has been made to

(1) Determine uplift values and seepage quantities for use in the
design of Colunbia Lock and Dam Louisiana (Duncan 1962).

(2) Determine the uplift values and seepage quantities for fully and
partially penetrating well arrays from line and circular sources (Duncan 1963
Banks 1963, and Banks 1965).

(3) Determine uplift pressures beneath the spillway, piezonmetric heads
at the downstream toe of the dam and total seepage quantities for use in the
design of Cakley Dam Illinois (MAnear and Trahan 1972).

B-3. Sand Tank Mydel. The sand tank nodel (hydraulic nodel), as shown in
figure B-2, consists of a rigid, watertight container with a transparent front,

filled with sand, deaired water,‘® and neasuring devices. The geonetry of the
sand tank corresponds to that of the prototype. The sand may be placed under
water to provide a honogeneous condition, or layers of different sand sizes may

be used to study anisotropy. |If the flow is unconfined and the sane nateri al
is used for nodel and prototype, the capillary rise must be conpensated for in
the nodel. Wen a steady-state flow is reached, dye can be introduced at

various points along the upstream boundary close to the front wall to form
traces of the streamines. Piezonmeters are used to neasure the pressure heads
at various locations (Bear 1972 and Harr 1962). A sand tank nodel was enployed
to investigate the effect of length of horizontal drain on the through seepage
flow nets and quantities for a honogeneous and isotropic sand enbankment

()" For prolonged tests, disinfectants such as Formol should be added to the
water to prevent bacterial growh that causes clogging (Bear 1972).
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PARTIALLY PENETRATING WELL
WITH A CIRCULAR SOURCE

SEEPAGE FROM CANALS

TRACER DYE

_SLII

SEEPAGE IN EMBANKMENTS

Figure B-2. Hydraulic or sand tank nodel
(prepared by VES)
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(Brand and Arnstrong 1968). Sand tank nodels are al so used extensively in
petrol eum engineering, ground-water quality, and pollution research (Bear 1972
and Prickett 1979)

B-4. Viscous Flow Mdels. The viscous flow nodel, also called the Hel e- Shaw
or parallel plate mbdel, is based on the simlarity between the differentia
equations governing saturated flow in a porous nedium and those describing the
flow of a viscous liquid in the narrow space between two parallel plates. The
viscous flow nodel contains the shape of the structure to be Investigated and
once a steady-state flow is obtained, colored dyes can be injected along the
upstream edge and patterns of streamines can be observed. A camera (novie or
still) is normally used to record the results of experinents. |nhonogeneous
hydraulic conductivity, such as would exist in a zoned earth dam can be sinu-
|ated by varying the width of the interspace between the parallel plates, as
shown in figure B-3. The viscous flow nodel experinents should be conducted in
a tenperature-controlled room because viscosity plays an inportant role in
analog scaling. If this is not feasible, the tenperature should be neasured at
all inflow and outflow points during the test and scal es nust be reconputed
according to the varying average tenperature of the liquid in the nodel (Bear
1972 and Harr 1962). A viscous flow nodel was constructed at WES to simulate
seepage conditions induced in streambanks by sudden drawdown of the river |evel
The results from the nodel study conpared favorably with field observations,
finite difference, and finite elenent nmethods (Desai 1970 and Desai 1973).

B-5. Method of Fragnents.

a. General. The nethod of fragments is an approximate anal ytica
net hod for the conputation of flows and pressure heads for any ground-water
system  The underlying assunption of this procedure devel oped by Pavl ovsky in
1935 (Pavlovsky 1956 and Harr 1962) is that equipotential lines at various
critical locations in the flow region can be approximated by straight vertica
lines. These equipotential lines divide the flowregion into parts or frag-
ments. Qher assunptions inherent in the nethod of fragnents procedure are
(a) Darcy's lawis valid, (b) steady-state flow exists, and (c) the soil medium
is approxinmated as a single honbgeneous and isotropic layer or at series of
such layers. The transfornation of anisotropic soil to an equival ent isotropic
soil is described in Section 4.7 of this manual

b. Basic Concepts. The quantity of flow through a single fragnment is
conmput ed as

khi
qQ=3 (B-1)
1

wher e

k - coefficient of perneability

>
1

head | oss through the fragment

2y
1

di mensionless form factor, = N/ N
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Because the fragnent boundaries consist of equipotential lines, the flow
through each fragment nust be equal to the total flow through the system  Thus

(B-2)

Since summation of the head loss in each fragment is equal to the total head
loss, the total quantity of flow can be expressed as

where h is the total head |oss through the section. Along the same line, the
head | oss in each fragnent can be calculated from

i n (B-4)

The head | oss al ong any inpernmeabl e boundary of a fragnent is assuned to
change linearly. Thus the head loss within fragnent i up to point Ais

equal to the head loss in the fragnent times the ratio of the length of the
boundary to point Ato the total |length of boundary. The basic concept of the
net hod of fragnent procedure is to break the flow region into parts for which
the formfactor is shown in figure B-4 (Harr 1977). This manual will describe
how to calculate the factors for each type of fragnent (Harr 1962 and Harr
1977).

c. Fragment Types. There are currently nine different fragnent types
O these, the first six are for confined flow while the last three are for
unconfined fl ow.

(1) Type |. This fragnent type represents a region of paralle
hori zontal flow between inpervious boundaries. For this internal type
fragnent, shown in figure B-5a, the flow per unit width is equal to

kh,a
Q= — (B-5)
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Thus from Equation B-1, the form factor is
L
¢ =7 (B-6)
An elemental Type | section shown in figure B-5b illustrates that
dx
ae = =2 )
y (B-7)

This elenental section will be used to derive the form factors for fragnent
types IV, V, and VI.

(2) Type Il. This fragment type represents a vertical inpervious
boundary embedded a length S into a pervious layer of thickness T . This
fragment can represent either an entrance condition (figure B-6a) or an exit
condition (figure B-6b). The form factor is obtained fromthe plot in
figure B-4 where the scale of ¢ is given as one-half the reciprocal of

Q kh or

Al

The formfactor could also be expressed as the ratio of the elliptic integral
of the first kind with nmodulus m over the elliptic integral of the conplenen-

tary nodulus, m . For this fragnent type, the modulus value is a function of
the ratio S/T . The graph in figure. B-7 was obtained by solving the elliptic
integrals for various conbinations of SST . For the type Il fragments, the

ratio of b/ T equals O .

(3) Type IIl. This type of fragment represents an inpervious |ayer of
length b , a vertical boundary of depth S, in a pervious |ayer of thickness
T. Either of the sections shown in figure B-8 can represent this fragment

type. The form factor is obtained directly fromfigure B-7 with b/T other
than zero. For this case, the elliptic integral nmodulus is a function of both
b/T and S/T .

(4) Type IV. This type is an internal fragment with boundary |ength
b , enbednent length S, in a pervious layer of thickness T . Figure B-9a
illustrates the two possible configurations. Pavlovsky divided the flow region
into active and passive parts based on the results of electrical anal ogue tests
as shown in figure B-9b by line AB. An angle of 45 deg was assumed for the
line dividing the two parts of the fragnment. This resulted in two cases,
depending on the relation between b and S . For the case where b < S, the

B-8
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(a) (b)

Figure B-5. Type | fragnent (courtesy of MGawHll

Book Conpany 181)

(a) (b)

Figure B-6. Type Il fragnent (courtesy of MGawH Il

Book Conpany 181)
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Figure B-7. Qantity of discharge for symetrically
placed pilings (courtesy of McGrawH ||l Book

Conpany )
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Figure B-8. Type IIl fragnment (courtesy of MGawH Il
Book Conpany 181

active zone is conposed of elenments of type | fragments of width dx illus-
trated in figure B-9c. The formfactor is the integral of dx over y from
0 to b which results in a form factor of

<I>=2n<1+—2—> (B-9)

If b > S, then the fragment can be divided into two fragnents as shown in
figure B-9e. The first is a type IVwith b > S and the second is a type |
fragnent with L equal to b - S . Thus the formfactor is the sum of the
form factors which would be

S b -8
[} =,Q,n<1+z>+ T (B-lO)
(5) Type V. This fragnent type has two vertical boundaries of equal
enbednment S in a pervious layer of thickness T . As shown in figure B-10,

the form factor for this fragment is twice that for the type IV fragnent.
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Figure B-9. Type IV fragnent (courtesy of McGawH |l Book
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Figure B-10. Type V fragnent (courtesy of MGawH Il
181)
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Book Conpany
Since there were two cases of type IV fragnent, there are two cases for the

type V fragnent. The two cases are for L < 2s and L > 2S . For the first
case, the formfactor is

- L )
<I>—2£n<1+2a> (B-11)

For the second case which consists of a type | fragment within two type IV
fragments, the formfactor is

_ s\ ,L-2s ]
¢ = 2R,n<1 +a> + = (B-12)

(6) Type VI. This fragment type, illustrated in figure B-11, is the
same as the type V fragnent except that the enbedment |engths are different.
Using the same approximations as in fragment type IV, there are two cases for
the formfactor. For the first case where L > (S + S"), the formfactor is

g! g" L - (S' + 8"
<l +ET)<1 +-a-—,f> + T (B-13)

B-14
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Figure B-11. Type VI fragnent (courtesy of MG aw Hill
Book Conpany 181)

For the second case where L < (S + S"), the formfactor is

b' bll
¢ = &n (1 +'a_")<l+§"> (B-14)
wher e

bt < Lt (s' - 8")

2
w_L-(8"-8"
bt = 2
(7) Type VII. This fragment represents the condition of unconfined

flow This flow is characterized by having one boundary of the flow domain as
a free surface (line AB in figure B-12). This free surface separates the
saturated region from that region where no flow occurs. From Darcy's |aw and
Dupuit's assunptions, the hydraulic gradient is (h; - hy)/L and the
cross-sectional area is (hy + hy))/2 , thus the flowis

Q= k —=™ (B- 15)
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Figure B-12. Type VIl fragment (courtesy of MGawH |

Book Conpany 181)

From this, the formfactor is

2L
@ = . (B' 16)
h1 + h2
(8) Type VIII. This fragment type represents an upstream sl ope
entrance condition on an earth dam of height hy and is illustrated in
figure B-13. It was assuned that the curve streanlines (cd) could be

approxi mated by horizontal flow channels of length ed (Pavlovsky 1956 and
Harr 1977). Wth this assunption, the hydraulic gradient in each channel is

) d(hl - h) a,

dy " cot a(hd -v) (B-17)

[N
I
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Figure B-13. Type VIII fragnment (courtesy of MG aw Hi |l

181
)

Integrating the ratio dy/(hy - y) from 0 to h generates the expression
for the quantity of flow as

Book Conpany

Q=k =—— gn —23 (B-18)

(9) Type IX  This fragment type, shown in figure B-14, represents the
exit condition where the surface of seepage exists. The surface of seepage
(DE) is not an equipotential line or a streamine. Pavlovsky assuned that the
flow is horizontal. For the portion of the slope between D and E , the
flow is the coefficient of perneability times the integral of dy over
cot 8. The flowfor E to Fis the perneability times the integral of

a,dy over the cot B (a, + h, - y) . Wen the integration is perforned, the
expression for the flow is
ka, a, +h
_ 2 2 2
Q—cot B (1+2 a, ) (B-19)

B-17
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Figure B-14. Type |X fragment (courtesy of MGawH I

Book Company 181)

d. Exit Gadient. The method of fragments procedure can be used to
determne the exit gradient discussed in paragraph 4.9 of this nmanual. For

this procedure, the last fragment (downstream) needs to be either a type Il or
a type Il fragment. The exit gradient is defined as (Harr 1962)
hmTT
Ig = KT (B-20)
m
wher e
hm= head loss in the last fragment
K = conplete elliptic integral of the first kind with nodul us m

T

depth of flow region

As defined before, the mbdulus m is a function of both b/T and S/T and
is defined as

s 2 Th 2 WS _
m = cos -é-l:«’tanh 57 + tan” 5o (B-21)

B-18
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Instead of calculating the various values, for type Il fragments figure B-15
can be used with S/T to obtain the fraction for 1S/ h,. By substituting

the appropriate values, the exit gradient is calculated.

e. Exanple 1. The method of fragment procedure for confined flow will
be illustrated in the follow ng exanpl e obtained for John H Overton Lock and
Dam (U S. Arny Engineer District, St. Louis 1978). This problem will analyze
the steady state flow conditions for a two-dinmensional idealization of the
| ock structure. The quantity of flow and head al ong the bottom of the |ock
will be deternmined. For illustrative purposes, the exit gradient procedure
will be included. The dinensions of the structure, shown in figure B-16, are
those used in the analysis after the cross section has been transformed to

account for soil anisotropy. The original analysis contained tw soil |ayers,
but for illustrative purposes the soil will be nodeled as one |layer. The first
step is to determne the formfactors for each region. The first region is a
type Il fragnent with S =19 ft and T = 89 ft . Using figure B-7 with
SST=0.21, the fraction for QKkh = 0.78 , thus <I>1= 0.641 . Region 2 is a
type | fragment with L = 456 ft and a = 70 ft . From figure B-4, the form
factor for the type | fragnent is equal to L/a , thus ¢, = 6.514 . The third
region is a type Il fragnent with S =9 ft and T = 79 ft . Using figure B-7
with S/IT = 0.114 , the fraction for Qkh = 1.01 , thus <p3 = 0.495 . The

summation of the form factors is 7.650. The quantity of flow is calculated
fromequation B-3. Using transforned permeability of 400 x 10'4 cmsec and a

total head of 18 ft, the quantity of flowis calculated to be 266.8 ft° day/
foot of lock width. The head loss in each fragment is calculated from equa-
tion B-4. The following table lists the head loss for each fragnent in this
probl em

Regi on ] h;
1 0. 641 1.51
2 6.514 15. 33
3 0. 495 1.16
£ = 7.650 £ = 18.00

The head al ong the bottom decreases from 16.49 ft at the upstreamend to 1.16
at the downstream end. Using the assumption of a linear distribution of the
head loss within a fragment, the head at any point along the bottom of the

| ock could be calculated as

- _(distance to pt A for upstream of Iock)
head at pt a = 16.49 ft Total Tength of Tock 15.33 ft (B-22)

B-19
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Figure B-15. Relationship for determining the exit gradient as a function
of the head loss in the fragment and geometry for a Type Il fragnent

, 181
(courtesy of MGawH Il Book Company )
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Figure B-16. Transformed section of John H Overton Lock sinplified to one

soil layer (fromU S. Arny Engineer District, St. Louisllz)

The exit gradient is calculated for region 3 which is a type |l fragnent.
Using S/IT = 0.114 with figure B-15, the fraction for 1S/ h,is found to be

0.63. Wth a head loss of 1.16 ft in this fragnent, the exit gradient is
calculated to be 0.082

f. Exanple 2. This exanple will illustrate the nethod of fragnment pro-
cedure for unconfined flow problens. The exanple is obtained from John H
Overton Lock and Dam (U. S. Arny Engineer District, St. Louis 1978). The
problemis to locate the free surface in the closure damand to determnine the
guantity of flow through the dam under steady state conditions. The dinen-
sions of the structure shown in figure B-17 are after the naterial has been
transformed to account for soil anisotropy. This sanple problem assunes an
i npervious boundary at the base of the dam To account for some flow under
the dam the inpervious boundary could be |owered. By lowering the boundary
to the lowest possible point, bounds for the problem would be established
There are three fragment types in this earthen enbankment. Region 1 is a

B-21
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Figure B-17. Transformed section of John H Overton closure dam (from

U S. Arny Engineer District, St. Louisllz)

type VIIl fragnent while region 2 is a type VII fragnent and region 3 is a
type I X fragnent. To calculate the flow through region 1, equation B-18 is
used with hi =32 ft; hy =37 ft, and o = 19.9 deg (cot a= 2.76).

Substituting into the equation produces

= 32 - h 2,1] 37 (B‘23)

Q
k  2.76 37 - h

For region 2, the quantity of flow is calculated from equation B-15.
Substituting into this equation produces

h2 - (a2 + 14 ft)2
= T (B-24)

o

For region 3, equation B-19 defines the quantity of flow. By substituting
cot 8 = 2 and H, = 14 ft produces

a a, + 14
Q.2 2 )
T 5 1 + %n a (B-25)

B- 22
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From the enbankment geonetry, L can be defined as
L=5>+ cot B[hd— (a2+h2)] (B-26)

By substituting into equation B-26, there are four equations with four
unknowns, h , a,, Qk , and L . There are several nethods to solve these

four equations (Harr 1977). For the case where h, = 0 , a reduction of

two equations and two unknowns occurs. For this exanple, equation B-23 will
be conbined with equation B-24 and equation B-26 will be substituted for L .
This produces

2 _ 2
32 -h, (37 \_ h™ - (8 + 14) .
2.76 37 - ®) " 20133 + 2[37 - (a, + 10] (B-27)
Al so equation B-23 can be conbined with equation B-25, producing
+ 14
32 - h 37\ % a2
2.76 2“(37—h)- 7 \' T T (B-28)

Equations B-27 and B-28 have reduced the equations and unknowns by two. Thus
with two equations and two unknowns, a trial and error graphical process can
be used. The results of this process are shown in figure B-18 and indicate
that h = 28.9 ft and a, = 0.9 ft., Substituting into equations B-23 and B-25

generates a Qk value of 1.71 which results in an estimated fl ow of
242.4 ft* day/ft of dam Knowing h and a, , the location of the phreatic
surface can be estinated.

g. Flow in Layered Systens. One of the lintations of the nethod of
fragments is that the flow layer is assumed to be honpbgeneous and isotropic.
An approximate procedure to determine flow characteristics of a layered system
was proposed by Polubarinova-Kochina (1941). Harr (1977) extended this method
as follows. The coefficients of perneability for the two |layers are related by
a dinensionless paranmeter ¢ by the expression

k2
tan me = 3= (B-29)
1
wher e
k, = coefficient of perneability of the upper |ayer
k, = coefficient of perneability of the |ower |ayer

B- 23
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- + 14
32 -h 37)= h” - @ +14)
2.76 "*\37 - n 2(133 + 2[37 - (a, + 14)])
h as
28. 8 -0. 4
29.0 2.1
30.0 8.6
31.0 13.6
a a_ + 14
32 -~ h 37 ] 2
2.76 jL“<37-h>‘z(l+’“‘ " )
h a2
29.9 0.6
27.8 1.2
25.6 1.7
9 -
8
5
6
S B-27
N
c 4
3
2
h=28.9, 0,=0.9
|
o | ] 1 | i L g
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Equation B-27

Equation B-28

Figure B-18. G aphical solution-of equations B-27 and B-28

(from U S. Arny Engineer District, St. Louis
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The ratio of permeabilities can vary fromO0 to infinity. Over this range, ¢
ranges fromO to 1/2. The basis of this method is to determine the flow and
head | osses for three certain special cases of ¢ and then interpolate
between these values. The three special cases are as follows:

(1) e€=0. For ¢ to be equal to 0, k, nust equal 0. Therefore

the problemis reduced to a one-layer problem with a flow region thickness
equal to the upper |ayer.

(2) e =1/4 . For ¢ to be equal to 1/4, k, nmust equal k; .

Therefore, the problemis reduced to a one-layer problemwth a flow region
the thickness of the upper and |ower |ayers.

(3 e =12 . For ¢ to be equal to 1/2, k, must be infinite. This

case represents the infinite flow where there is no resistance to flowin the
lower layer. Since Qkh = «» the inverse of this ratio is equal to zero.

This procedure can be expanded to a three-layer systemby the use of two ¢
values. The first value would be for the top two |layers, while the second
woul d be for the bottom two |ayers.

h. Exanple 3. This exanple will illustrate the method of fragment pro-
cedure for confined flow in a two-layer system The exanple is obtained from
John H Overton Lock and Dam (U. S. Arny Engineer District, St. Louis 1978).
This problemw || analyze the steady-state flow conditions for the dam and
stilling basin. The quantity of flow and head al ong the bottom of the struc-
ture will be determined. For illustrative purposes, the exit gradient proce-
dure will be included. The effect of various paraneters like the length of
sheetpile cutoff can be studied using this procedure. The dinensions of the
structure, shown in figure B-19, are those used in the analysis after the cross
section has been transformed to account for soil anisotropy. There are three
fragnents for this problem and three ¢ cases to be evaluated. For the first
case, ¢ =0, all the flowis assumed to occur in the clay layer. Region 1 is
atype Il fragnent with S =25 ft and T = 35 ft. Using figure B-7 with
SIT=0.71, the fraction for Qkh =0.36 , thus ¢, = 1.38 . The second

1
region is a type V fragment with S = 13 ft, T =23 ft, and L = 73.5 ft.
Since L > 25, equation B-13 is used to calculate the form factor. For the
above values, the formfactor is 3.73. Region 3 is a type Il fragnent where

S=24ft and T = 34 ft. The formfactor, using figure B-7, is calculated to
be 1.36. Using equation B-1, the ratio Qk; is 2.78 and k;/Qis 0.36 .

For the second case, ¢ = 1/4, the flowis assumed to be equal in both |ayers.
The form factors are recal culated using the same fragnent types. The value of
Qk, is 6.50 which results in a k,/Q value of 0.15. For the last case,

e =12, all flowis assumed to be in the lower sand layer. Only vertical
flow occurs in the top or clay layer. For this case, Qk, is infinite which

results in a ky/Qof 0 . A plot of k;/Q versus e¢is shown in fig-

ure B-20a. For this problemk, is 200 tinmes k; , therefore ¢ equals 0.48.
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Figure B-19. Transforned section of John B. Overton Dam and stilling
basin for one case of sheet pile lengths (from U S. Arny Engineer

District, St. Louisllz)

By interpolation for € =0.48, k,;/Qequals 0.01 which results in a flow Q

of 56.7 ft®day/ft of dam To determine the head along the bottom of the
structure, the head at points A and B in figure B-19 nust be determined. Using
the procedure described in exanple 1, equation B-22, the followi ng head |oss
and total head values are cal cul ated.

Point A Point B
Head Loss Total Head Head Loss Total Head

€ ft ft ft ft
0 5.2 52.8 12.8 45,2
1/4 6.2 51.9 12.0 46.0

For the case where € = 1/2 , the head anywhere along the bottom of the struc-
ture is equal to half the total head loss, or for this case 9 ft. Thus the
total head on points A and B is equal to 49 ft. Figure B-20b is the plot of
the total head versus e and shows, for an € of 0.48, the total head at
point Ais 49.4 ft while the total head at point Bis 48.5 ft. The exit gra-
dient for each & case is calculated by the procedure described in example 1.
For the case of € =0, the fraction IS/ h,is 0.55 which with S = 24 ft
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Figure B-20. e value plots for John H Overton Dam and stilling
basin (from U S. Arny Engineer District, St. Louisllz)
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and h, = 3.8 ft produces I 0.087 . For the e = 1/4 case, the fraction
| S/ h, is 0.615 which with S =24 ft and h, = 5.0 ft produces
lg = 0.128 . For the case where € =1/2 , the head loss is the total head and

the distance is the thickness of the top layer. Using the equation

j=p

_ . m !
IE—2d1 (B-30)

the exit gradient is 0.265. The exit gradient versus e plot is shown in
figure B-20c. For an ¢ value of 0.48, the exit gradient is 0.245.

i. Uses and Limtations. The nmethod of fragment procedure should be
used as a design tool where various factors are changed to evaluate their
effect or as an analytical tool when quick approximte results are needed.
VWen nunmerous factors are varied, the construction of flow nets becones very
tedious and time consuming. The method of fragment procedure will generate
reasonable results for problens where the assunptions are not greatly viol ated.
There are several points the user needs to be aware of when using this proce-
dure. The flow region nust be generalized so that it consists of horizontal
and vertical boundaries. The procedure nodels the actual flow paths within
the flow region, thus if there is any doubt as to the direction, a rough flow
net should be drawn. This becones inportant when a small portion of a struc-
ture is nodeled with several fragments because the flow could be nodeled in
unnatural paths. The accuracy of the results is dependent upon how well the
fragment boundary actually represents vertical equipotential lines. The
greater the deviation, the greater the degree of error. However, for many
practical problens reasonable results are generated. Conparison of the nethod
of fragnent results with finite elenent solutions for a one-layer system
showed that the quantity of flow values for the fragnent procedure are within
8 percent of the finite element results, while the uplift values are within
38 percent of the finite element results. The Conputer-Aided Structural Engi-
neering (CASE) project has devel oped a conputer programfor the nethod of
fragments procedure with a user mmnual describing the program (Pace et al.
1984) .

B- 6. Finite Difference Method.

a. Method of Solution. As previously nentioned in Chapter 4, the
finite difference nethod solves the Laplace equations by approximating them
with a set of linear algebraic expressions. The approximation is mathemtical
rather than physical. The early nethods of solving finite difference expres-
sions for Laplace's equation were based upon hand calcul ations by the rel axa-

tion method”. However, nore recently a wide range of finite difference
solutions suited to the digital conputer have been devel oped. A description of

(1) For exanple, see Appendix A of EM 1110-2-2501.
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avai |l able methods used to solve finite difference problens including exanple
applications, case studies, and computer program listings is available (Rushton
and Redshaw 1979).

b. Advantages. Use of iterative techniques such as successive over-
relaxation which converge to the correct solution allows solution of uncon-
fined and transient flow problems, For sinple problens, the finite difference
nethod is usually nore economical than the finite el enent nmethod (Rushton and
Redshaw 1979)

¢. Disadvant ages. The finite difference method is not suited to com
pl ex geonetry, including sloping |ayers and pockets of materials of varying
perneability. Irregular grids are difficult to input. Therefore, zones where
seepage gradients or velocities are high cannot be accurately nodel ed (Rushton
and Redshaw 1979).

d. Applications. The finite difference nethod was used at VES to sinu-
| ate seepage conditions in streanbanks induced by sudden drawdown of the river
level. As nentioned previously, this study included a viscous flow nodel
field observations, and application of the finite element and finite differ-
ence methods. The results of the study indicated that the finite difference
nmet hod provided satisfactory and economical solutions for transient unconfined
fluid flow in porous, anisotropic, and nonhonogeneous nedia (Desai 1970 and
Desai 1973). The finite difference method was used to predict the location of
the phreatic surface within a zoned enbankment with arbitrary fluctuations of
the reservoir (Dvinoff 1970). Generalized digital conputer prograns have been
devel oped which use the finite difference method to sinmulate one-, two-, and
t hree-di mensi onal nonsteady flow problens in heterogeneous aquifers under
water table and artesian conditions (Prickett and Lonnquist 1971 and Desa
1977). The finite difference nmethod has been used to predict unsteady flow in
gravity wells. Good agreenent was found between conputed results and
| aboratory test results obtained using a sand tank npodel (Desai 1977).

B-7. Finite Elenment Method

a. Method of Solution. As previously nentioned in Chapter 4, the
finite element nethod is conceptually a physical rather than a mathenatical
approximation. The flow region is subdivided into a nunber of elenments and
perneabilities are specified for each element. Boundary conditions are speci-
fied in terns of heads and flow rates and a system of equations is solved to
compute gradients and velocities in each element (Desai and Abel 1972 and Desa
1977). Two- and three-dinensional finite el ement seepage conputer prograns for
both confined and unconfined flow problens have been devel oped at WES.  Steady-
state and transient problems (that can be treated as a series of steady-state
probl ens) can be solved (Tracy 1973a; Tracy 1973b; and Hall, Tracy, and
Radhakri shnan 1975). An interactive graphics preprocessor is available to
generate the finite elenent grid (Tracy 1977a). It is possible to conpute the
stream function and potential and plot contours of these values to obtain the
flow net (Christian 1980 and Christian 1980). Details concerning the selection
of spatial and time meshes, conputer time required, convergence, and stability
are available (Desai 1977). Also, an interactive graphics postprocessor is
available to assist in the analyses of the finite element results (Tracy
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1977b). A listing of finite element seepage conputer prograns used within the
Corps is available (Edris and Vanadit-Ellis 1982).

b. Advantages. The finite element nethod is well suited to conplex
geonetry, including sloping layers and pockets of materials of varying pernmne-
ability. By varying the size of the elenents, zones where seepage gradient or
velocity is high can be accurately nodel ed.

c. Disadvantages. The finite element nethod is usually nore costly than
the finite difference nmethod for sinple problens (Rushton and Redshaw 1979).

d. Applications. The finite element method has been used in several
cases to provide solutions to seepage problens.

(1) VES studies. As discussed previously, the finite elenment nethod was
used at WES to simulate seepage conditions in streambanks induced by sudden
drawdown of the river level. This study included a viscous flow nodel, field
observations, and application of the finite difference and finite elenment
methods. The results of the study indicated that the finite elenent nethod
provi ded satisfactory solutions for transient unconfined fluid flow in porous,
ani sotropic, and nonhornpogeneous nedia (Desai 1970 and Desai 1973).

(2) Location of phreatic surface. The finite element nethod has been
used to deternmine the location of the phreatic surface in earth dans (lsaacs
1979; |saacs 1980; Wi and Shieh 1979; and Desai and Kuppusany 1980). The
finite element nmethod was used to locate the phreatic surface within tailings
pond enmbankments and to define the subsurface flow of water from the pond.
Results predicted using the finite elenent nobdel were confirmed with
measurenents in a laboratory nodel and in the field (Kealy and Busch 1971).

(3) WA.C. Bennett Dam The finite elenent nethod was used to assess
the potential seepage flows and uplift pressures in the foundation rock for
WA.C. Bennett Dam in British Colunbia, Canada (see figure B-21). The finite
el ement analysis (see figure B-22) was carried out assuming the follow ng
condi tions:

(a) Wth an effective grout curtain.

(b) Wthout an effective grout curtain.

(c) Wth a drainage system

(d) Wthout a drainage system

(e) Wth various rock perneabilities.

The results of the finite elenent analysis, shown in figure B-23, indicate the
greatest reduction in seepage flow and hydrostatic pressure could be accom

plished by an effective grout curtain and downstream drai nage system (Tayl or
and Chow 1976).
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LEvarTion = MITEMY

(A) Core. , (G) 2'-3' riprap.

(B) Transition. (H) Piezometers :

(C) Filter. . ® Hydraulic type;

(D) Drain. ‘ ¥ Vibrating wire type:
(E) Free draining gravel. o Pneumatic type.

(F) Random shell.

Figure B-21. Cross section of WA.C. Bennett Dam British Col unbia,

Canada (courtesy of International Conmission on Large DarT5269)

(4) Corps of Engineers levees. The finite element method was used by
the U S. Arny Engineer District, Rock Island, to study hydraulic sand fill
| evees along the M ssissippi River (Schwartz 1976). Finite el ement and

gradi ent pl ane (1) anal yses were used in conjunction with data froma full scale
test levee to establish the material properties of the sand levees and to
determine the exit point of the free seepage surface, the quantity of through
seepage, and the exit gradients along the free discharge face. A paranmeter
study was performed and dinensionless design charts were devel oped.

(5) Reservoir loading conditions on zoned embankments. The use of the
finite elenent nethod to study the effect of initial filling of the reservoir,
steady seepage, and rapid drawdown of the reservoir on zoned enbankments has
been given (Eisenstein 1979).

(6) Bureau of Reclamation dams. The Bureau of Reclamation has utilized
two- and three-dinensional finite el ement nethods, electrical. anal ogy, and
mat hemati cal nethods to anal yze seepage flow through a dam enbanknent and

(1) The gradi ent plane nethod is a graphical solution by neans of the hodo-
graph (see description by Casagrande 1937).
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foundation (Mantei and Harris 1979). Narrows Dam Col orado, on the South
Platte River, was analyzed for seepage at the feasibility stage. Because of a
pervious foundation, the planners called for a positive vertical cutoff by
constructing a slurry wall down to the underlying shale. However, near the
right abutnent the shale drops away to depths too great for economcal slurry
wal | construction. A three-dinmensional finite element nodel (see figure B-24)
was used to determine the vertical exit gradients at the downstreamtoe of the
dam The finite elenent nethod was used to study the effect of a toe drain,
partial depth slurry trench, partially and fully penetrating relief wells (see
figure B-25). Cal anus Dam Nebraska, on the Cal anus River, was al so anal yzed
by the Bureau of Reclanmation for seepage at the feasibility stage (Mantei and
Harris 1979; Mantei, Esmiol, and Cobb 1980; Mantei and Cobb 1981; and Cobb
1984). Cal amus Dam has a setting very sinmlar to Narrows Damin the sense that
it is an earth dam on a pervious foundation. However, the underlying shale at
Cal anus Damis at such a great depth that it cannot be used as the base for a
cutoff wall as it was for Narrows Dam Early thinking on the project involved
the use of a slurry trench cutoff down to a pervious sandstone fromation. A
three-dinmensional finite element nodel (see figure B-26) was used to deternine
the effects of an enbankment toe drain, slurry trench under upstream bl anket
and/or relief wells at the downstreamtoe of the damon the seepage rates and
hydraulic gradients in the dam foundation. Time and expense in operating the
| arge three-dinensional finite el enent nodels made it necessary that priority
be given to studying the various design alternatives using the best estimte
of perneability for each foundation material rather than conducting sensitiv-
ity studies to establish the effect of varying the pernmeability (see para-
graph B-1). The three-dinensional finite element nmodels were five elenents
deep, with the bottomlayer of elenents representing the sandstone, the next

| ayer sand and gravel, recent alluvium interbedded fine sand, and dune sand

A detailed three-dimensional finite elenent nodel was made for the outlet
works area that defined nore of the design details, such as the filter bl anket
under the stilling basin and channel and water table elevation controls, to
study the effectiveness of relief wells around the stilling basin.

(7) Corps of Engineer dams. The finite elenent method was used by the

U S. Arny Engineer District, Huntington,(l) in a reanalysis of the underseep-
age at Bolivar Dam Chio, conpleted in 1938 on Sandy Creek (U S. Arny Engineer
District, Huntington 1977a). A two-dinensional finite el ement nmodel (see fig-
ure B-27) was used to determine the effects of an enbankment toe drain, up-
stream inpervious blanket, and proposed relief wells on seepage quantities
exit gradients, and uplift pressures. A sensitivity study was conducted using
the two-di nensional finite el enment model to determine the influence of various
pool and rock surface levels, the perneability ratio of foundation soils, the
existence of a downstream gravel layer, and the effective source of seepage
entry upon underseepage. Typical test results for one set of boundary condi-
tions and perneability values are given in figure B-28. Additional applica-
tions of the two-dinmensional finite element method to conduct sensitivity

anal ysis to assess the effect of perneability anisotropy and vari ous seepage
control neasures was given by Lefebvre and coworkers (Lefebvre, Part, and

(1) Work was performed by Soil Testing Services, Inc., Northbrook, Illinois.
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Tournier 1981). The finite element method was used by the U S. Arny Engineer

District, Huntington, () in a reanal ysis of the underseepage at Mhawk Dam
Chio, conpleted in 1937 on the Wl honding River (U S. Arny Engineer District,
Huntington 1979b). A three-dinensional finite elenent nodel (see figure B-29)
was used to study the cause of unusually high relief well flows. Typical test
results for one set of boundary conditions are given in figure B-30.

(1) Wrrk was performed by Soil Testing Services, Inc., Northbrook, IIlinois.
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